Variants of formal nearby cycles 

Yoichi Mieda 

Abstract. In this paper, we introduce variants of formal 
nearby cycles for a locally noetherian formal scheme over a 
complete discrete valuation ring. If the formal scheme is lo- 
cally algebraizable, then our nearby cycle gives a generaliza- 
Cn \ tion of Berkovich's formal nearby cycle. Our construction is 

entirely scheme-theoretic and does not require rigid geometry. 
Our theory is intended for applications to the local study of the 
cohomology of Rapoport-Zink spaces. 
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^5 '. 1 Introduction 

< 

^ ■ In the papers |Ber94] and [Bcr96j , Berkovich denned the formal nearby cycle functor 

for a formal scheme X over a complete discrete valuation ring R, and proved the 
comparison result that if X is obtained by completing a scheme X locally of finite 
type over R along a closed subscheme Y of the special fiber X s of X, then the formal 
nearby cycle is isomorphic to the restriction of the nearby cycle Ripx of X to Y. In 
particular, (RipxX)\y depends only on the completion of X along Y for A = Z/£"Z. 
The theory of Berkovich plays an important role in the study of the cohomology of 
Shimura varieties and Rapoport-Zink spaces; for example, see [HTOlj and |Far04j . 
In this paper, we introduce variants of Berkovich's formal nearby cycle and inves- 
tigate their properties. For simplicity, assume that the residue field of R is separably 
closed. Our results are roughly summarized in the following theorem: 
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Theorem 1.1 For a locally noetherian excellent formal scheme X over Spf R such 
that X Tcd is separated, and a pair Z = (Z 1 ,Z 2 ) of closed formal subschemes of 



the special hber X s of X, we can define the object R^x,zA of D + (X re d,A) (for the 
definition of excellent schemes, see Section E2P. It enjoys the following properties: 

i) R^x,zA Is functorial on X . In particular, if a group G acts on X and Z is 
stable under the action, then R^x,zA has a natural G-equivariant structure. 

ii) If X is obtained by completing a scheme X locally of hnite type over R along 
a closed subscheme Y of X s and Z comes from a pair Z = [Z\, Z 2 ) of closed 
subschemes of X s , then we have a functorial isomorphism 

m XiZ A<* {Rj*Rj l Ri> x A)\y, 
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where j denotes the natural immersion Z2 \ Z\ c — > X s . 
iii) If X is locally algebraizable {Definition \3. 1 8\) or adic over Spf R, then R^x^ : = 

R^x,(0,x 3 )A is canonically isomorphic to Berkovich's formal nearby cycle for X . 
iv) If X is quasi-compact, separated, pseudo-compactifiable (Definition \4.21]) and 

locally algebraizable, we have the following natural isomorphism 

Hl{t{X)^A) = #*(* red ,i^ )C A), 

where t(X)jj denotes the geometric generic fiber of X and R^x, c A denotes 
R^x,(0,x red )h. 

The property ii) in the theorem above says that our nearby cycle preserves the in- 
formation of Ripx-h outside Y, which is discarded if we consider Berkovich's formal 
nearby cycle. The information outside Y seems important in the study of the coho- 
mology of Rapoport-Zink spaces. For example, the content of this article is used in 
an essential manner in the paper [IM10] . where we consider the non-cuspidality of 
the cohomology of the Rapoport-Zink space for GSp(4). See also [Mie] . 

The property iv) is also remarkable. This is a new phenomenon; note that the 
compactly supported cohomology of Berkovich's formal nearby cycle is not neces- 
sarily equal to the compactly supported cohomology of t(X)^ (c/. Remark [4.271) . 

Our method of constructing R^x,zA is completely different from Berkovich's 
one. Berkovich used rigid geometry (or more precisely, his own theory of analytic 
spaces), while we only use the scheme theory. For an affine formal scheme Spf A, 
we consider the nearby cycle of the affine scheme Spec A (with some modification). 
For a general formal scheme, we patch the local construction above by using the 
simplicial technique. 

We sketch the outline of the paper. In Section 2, we collect some facts which are 
required to construct R^x,zA. In particular, the content in Section 12721 is crucial for 
our construction. In Section 3, we give a definition of our nearby cycle R&x^A and 
prove various properties on it. In Section 4, we compare our theory with the theory 
of rigid spaces. We use the framework of adic spaces due to Huber. First we recall 
the definition of Berkovich's formal nearby cycle functor and prove the comparison 
result Theorem 11.11 iii). Next we will give Theorem 11.11 iv). whose proof is rather 
involving. 

Acknowledgment The author would like to thank Tomoyuki Abe and Atsushi 
Shiho for the stimulating discussions. 

Notation Let R be a complete discrete valuation ring with the separably closed 
residue field k, F the fraction field of R and w a uniformizer of R. Put S = Spec R, 
S = Spf R. We fix a separable closure F of F and denote the closed (resp. generic, 
resp. geometric generic) point of S by s (resp. n, resp. rj). We also regard s as a 
closed subscheme of S. We fix a prime number £ which is invertible in R, and set 
A = Z/£ n Z with n > 0. For an S-scheme X, Ripx denotes the nearby cycle functor 
for X —+ S. 

Every sheaf and cohomology are considered in the etale topology. 
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2 Preliminaries 

In this section, we give some preparations for constructing our nearby cycle R^>x,zA. 

2.1 Preliminaries on open coverings 

Let X be a scheme. For an open covering U = {Ui}i e i of X, we put Uq = LL e/ U% 
and let a: U m — y X be the augmented simplicial scheme cos\z.o(Uo/X). Concretely, 
U m is the (m + l)-fold fiber product of Uq over X for every m > 0. In particular, U m 
is a disjoint union of open subschemes of X. We call a : U, — y X the hypercovering 
associated with U. 

Definition 2.1 Let J 77 = (J-" m ) m >o be a A-sheaf on U m . We say that J 7 is cartesian if 
for every structure morphism <p: U m — y U n of U m , <p*J- 7n — y J zm is an isomorphism. 
We denote by D^ aTt (U m ,A) the full subcategory of D + (U,,A) consisting of lower 
bounded complexes whose cohomology are all cartesian. 

The following lemma is clear: 

Lemma 2.2 A A-sheaf J 7 = (J rm ) m >o on U, is cartesian if and only if there exists 
a sheaf Q on X such that J- ' = a*Q. 

Proposition 2.3 The functor a*: D + (X,A) — > D^ art (U,,A) gives a categorical 
equivalence. The functor Ra* gives the quasi-inverse of a*. 

Proof. First note that Ra^oa* = id, since a is a morphism of cohomological descent. 

For an object L of D^ art (U,,A), we will prove that a*Ra*L — > L is an iso- 
morphism. This is equivalent to that a*R m a*L — y H m (L) is an isomorphism for 
every integer m. We fix m and put V = T< m L. Then, by the distinguished tri- 
angle V — y L — y r >m L — y L'[l], the morphism a*R rn a*L' — y a*R m a it L is an 
isomorphism. On the other hand, H m (L') — y H m (L) is obviously an isomorphism. 
Therefore we may replace L by L' . In other words, we are reduced to the case where 
L is bounded. Moreover, we may assume that H l (L) = for i < 0. 

Under these conditions, we prove the isomorphy of a*Ra*L — y L by the induc- 
tion on d = maxji e Z | H l (L) ^ 0}. If d = 0, by Lemma |2T2| there exists a A-sheaf 
T on X such that L = a* J 7 . We can replace L by a* J 7 . Since the composite of ad- 
junction morphisms a* J 7 -—y a*Ra*a*J- : — y a* J 7 is the identity, a*Ra*a*J r — y a* J 7 

is an isomorphism. Note that the first morphism is an isomorphism since a is a mor- 
phism of cohomological descent. For a general d, consider the following commutative 
diagram whose rows are distinguished triangles: 

a*Ra* (r< d _!L) ► a*Ra,L ► a*Ra*H d (L) [-d] ► a*Ra* {r< d - X L) [1] 



(i) 



(2) 



(3) 



(1) 



r^L yL yH d {L)[-d] ►r< d _iL[l]. 



Yoichi Mieda 

The morphism (1) is an isomorphism by the induction hypothesis. We have already 
seen that the morphism (3) is an isomorphism. Thus the morphism (2) is also an 
isomorphism. This completes the proof. I 

Let V = {Vj}j£j be another open covering of X and b: V, — y X the associated 
hypercovering. From a: U, — y X and b: V, — y X, we can construct the augmented 
bisimplicial scheme c: W„ — y X, where W mn = U m XxV n . 

Lemma 2.4 The functor c* : D + (X, A) — ► D + (W„, A) is fully faithful. 

Proof. We have the canonical augmentation p : W mm — y U, such that c = a o p and 
the functor c* is the composite of D+(X, A) A £>+(£/., A) -£» D+(W..,A). Since 

we already know that a* is fully faithful, it suffices to show that p* is fully faithful, 
or equivalently, Rp*p* = id. 

Let L be an object of D + (U,,A). To prove that L — y Rp*p*L is an isomor- 
phism, it is sufficient to prove that its restriction to U m is an isomorphism for 
every m > 0. The restriction obviously coincides with the adjunction morphism 
L m — > Rp m *p* m L m , where L m = L\ Um and p m : W m . — > U m is the augmentation 
induced from p. Since p m is the base change of b: V, — > X by U m — > X, it is a 
morphism of cohomological descent. Thus L m — > Rp m *p* m L m is an isomorphism, 
as desired. I 

2.2 Preliminaries on formal schemes 

Let X be a locally noetherian formal scheme over S and X = Xx the largest ideal 
of definition of X . We put X x& & = (X, Ox/T), which is a locally noetherian reduced 
scheme. The following lemma might be well-known: 

Lemma 2.5 If X xe & is afEne, the formal scheme X is also afhne. 

Proof. Denote by X n the scheme (X, O x /X n+l ). Then, by jEGAl I, (10.6.2)], X = 
lim X n (inductive limit in the category of formal schemes). We know that X Q = 
X rcd is affine. Therefore, by |EGA I ne ^| (2.3.5)], X n is an affine scheme for every 
n > 0. Put A n = T(X, Ox/1. n+l ) and A = lim A n . Then A is an admissible ring 
with a fundamental system of ideals of definitions {Ker(A — y A n )}, and we have 
X = SpfA. I 

Remark 2.6 In the proof of the lemma above, put / = Ker(A — y A ). Then we 
have I n+l = Ker(A — y A n ) [EGA! d, (7.2.7)]. In particular, the topology of A 
coincides with the J-adic topology. 

Definition 2.7 For an open subscheme U of X Te d, w e denote by X/u the open formal 
subscheme of X whose underlying space is U. If U is affine, X/u is also affine by 
Lemma I2T51 Then we put A v = T(X/u,Ox), Iu — F(X/u,T) and X/u = Spec Au. 
Since Au is an i?-algebra, Xm has a natural structure of an S'-scheme. 
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More generally, let U be a (possibly infinite) disjoint union of affine open sub- 
schemes of X red and U = \J ieI U% the decomposition into the connected compo- 
nents. Then we put X/u = YiiefX/Ui- This extends the construction above, since 
U i — > X/u is compatible with disjoint union. 

Lemma 2.8 Let /: y — > X be a morphism between locally noetherian formal 
schemes over S, U (resp. V) a disjoint union of affine open subschemes of X re <i (resp. 
y re d) and /' : V — > U a morphism of schemes which makes the following diagram 
commutative: 

f 
V— — >U 



3^red ► ^red- 

Then we have a natural S -morphism Y/y — > Xm. 

Proof. Let U = \J ieI Ui and V = IL eJ Vj be the decompositions into the connected 
components. For every j G J, there exists unique i e I such that f'iVj) C Ui. 
Therefore /' induces the morphism of affine formal schemes Spf-By = 3^/y — > 
X/u. = Spf A\j i . This induces the continuous i?-algebra homomorphism A\j i — > By j 
and the morphism of S'-schemes Y/y. = Spec By^ — > SpecA^ = X/u. c — > X/u- This 
gives the morphism of ^-schemes Y/y = LLgjV/v,. — > X/u- I 

Lemma 2.9 Let U be an affine open subscheme of X re d- 

i) For an affine open subscheme U' of U, the natural morphism X/u> — > X/u is 
Rat. 

ii) For an affine open covering {£/j}; e / ofU, the morphism YLiei^/Ui — ** X/u JS 
faithfully Hat. 

Proof. i) By Remark 12. 6 [ we have Au = hm Au/Ij} and Ayr = lim Ayi/I^Ay/. 
On the other hand, Spec Ayr/ I^Au' — > Spec Ay/ 'I v is flat since it is an open 
immersion. Therefore, by the local criterion of flatness |EGA[ Om, (10.2.2)], 
Specie// — > Specie/ is flat, as desired. 

ii) By i), the morphism is flat. On the other hand, the image contains the closed 
subset U C X/u- Since every closed point of X/u lies in U, we have the surjec- 
tivity of U iG/ X/ Vi — >X/u- I 

Next we introduce the notion of excellent formal schemes. 

Definition 2.10 We say that X is excellent if for every affine open subscheme U 
of X ve d the ring Ay is excellent. 

The following proposition gives a lot of examples of excellent formal schemes: 
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Proposition 2.11 Every special formal scheme over S in the sense of Berkovich 
(cf. \Ber96p is excellent. In particular, every formal scheme obtained by completing 
an S-scheme X locally of finite type along a closed subscheme of X s is excellent. 

Proof. Let X be a special formal scheme over S. Then, by definition, there exists an 
affine open covering {U} of X red such that Ay i is a special i?-algebra for every i. We 
will observe that for every affine open subscheme U of X red , the ring Ay is a special R- 
algebra. By |Ber96|, Lemma 1.2], it suffices to show that Ay/Iy is a finitely generated 
.R-algebra. Take an affine open covering {Vj} of U such that for each Vj is contained 
in Ui for some i. Since Spec Ay/Iy is covered by open subschemes Spec Ay /I v ., it 
is sufficient to prove that Ay-fly. is a finitely generated i?-algebra. This is clear, 
since we have a quasi-compact open immersion Spec Ayj/iy-. c — y Spec Ay i /I u . for 
some i. 

Therefore, by |Ber96| Lemma 1.2], Ay is a quotient of R(Ti, . . . , T m ) [[Si, . . . , S n ]] 
for some integers m and n. By |Val76t Theorem 9] (where R has mixed character- 
istic) and |Val75t Proposition 7] (where R has equal characteristic), the i?-algebra 
R(Ti, . . . , T m )[[Si, . . . , S n ]] is excellent. Thus Ay is also excellent. I 

Proposition 2.12 Assume that X is excellent. Let U and U' be disjoint unions 
of affine open subschemes of X xe & and U' — > U a morphism over X Ted . Then the 
natural morphism X/y — y X/y is regular. 

Proof. In the same way as in the proof of Lemma I2.8[ we can reduce to the case 
where U and U' are affine open subschemes of X Ted with U' C U. 

First we consider the case where U' = 2)(/) re d with / G Ay. Then Ay is the 
Iy-adic completion of (Ay)f. Since Ay is excellent, so is (Ay)f, and we have the 
regularity of the morphism X/y = Spec Ay — > Spec(Ay)f |EGAl IV, (7.8.3) (v)]. 
On the other hand, it is clear that the morphism Spec(Ay)f — y Spec Ay = X/y is 
regular. This completes the proof for the case U' = 2)(/) re d- 

In the general case, we can cover U' by open subschemes of the form 25(/j) re d with 
fi G Ay. Then LJj -X/s(/i) rBd — > X/y is regular. On the other hand, by Lemma [231 
ii), the morphism LL^/!D(/i) red — > X/y is faithfully flat. Therefore, X/y — y X/y 
is regular by |EGX1 IV, (7.3.8) (iv')]. I 

Let Z be a closed subscheme of X and U a disjoint union of affine open sub- 
schemes of A'red- Then, as Z red x^ rod U is a disjoint union of affine open subschemes 
of i? re d, we can consider a formal scheme Z/ z , Xy y and a scheme Z/ z , X3 , y. 

I red ^ rc d ' re(1 ^red 

For simplicity, we denote them by Z/y and Z/y, respectively. The former is a closed 
formal subscheme of X/y and the latter is a closed subscheme of X/y. 
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Lemma 2.13 Let f : y — ► X and U, V he as in Lemma ESI Put Z' = y x x Z, 
which is a closed subscheme ofy. Then the following diagrams are cartesian: 



Z' 



IV 



Z 



IV 



+y/v 



X 



/u, 



z /v 



J /u 



+ Y, 



iv 



+ X, 



iv- 



Proof. We may assume that U is an affine open subscheme of X re( ± and V is an affine 
open subscheme of 3^-ed- It is clear that the left diagram is cartesian. Let J be the 
ideal of Au such that Z/u = Spf Au/J. Then Z', v = SpiAu/J Xspf^^ Spf By = 
SpiBy/JBy, where By = T(y/y,Oy); note that By /J By is complete since By is 
noetherian. Thus Z', v = Spec By /J By and the right diagram is also cartesian. I 



Definition 2.14 Let Z = (Zi, Z-i) be a pair of closed formal subschemes of X such 
that Z\ C Zi- Then {Z\)m is a closed formal subscheme of (Z 2 )/u and {Z\)/u is a 
closed subscheme of (Z 2 )/u- We put Z/u = (Z 2 )/u \ [Z\] /u, which is a locally closed 
subscheme of X/u- 

Under the situation of Lemma l2~8| put Z' = (y x x Z±, y x x Z 2 ). Then the 



natural S'-morphism Y/y — > X/u induces a morphism Z', v 
Lemma 12.131 the following diagram is cartesian: 



Z/u] indeed, by 



(Z[) n 



(Zi)/ 



u 



[Z' 2 )/ 



v 



(Z 2 )/ 



u- 



3 Variant of formal nearby cycles R^x z^ 



3.1 Construction 

As in the previous section, let X he a, locally noetherian formal scheme over S. 
Moreover assume that X is excellent and X re< i is separated. Let Z = (Zi,Z 2 ) be a 
pair of closed formal subschemes of X s with Z\ C Z 2 . In this subsection, we will 
construct the object R^x,z^ of D + (X re d, A). 

Let U be an affine open covering of X rc ^ and a: U, — > X re d the associated 
hypercovering (cf. Section [2~T|) . Since X Ted is separated, U m is a disjoint union of 
affine open subschemes of X red for every m > 0. Therefore, we have an S'-scheme 
X/u m for every m. By Lemma 12.81 X/u, naturally have a structure of a simplicial 
S'-scheme. Similarly, we have the simplicial s-scheme Z/u.- Denote the natural 
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immersion U. — > {X/u.) a (resp. Z/ Um — > (X/u,)s) by i ( re sp- j) or by i v (resp. j v ) 
if we need to indicate U . 



U. 



*{X/u,)s* z /u. 



X 



red 



Lemma 3.1 The complex i*Rj^Rj'Rip^ A on X Te ^ lies in D^ art {X rc ^ A). Here 



IV. 

Ripx '■ D + (X/u,,A) — > D + ((X/u t ) s ,A) is the simplicial version of the nearby 
cycle functor over S, whose definition is the obvious one. 

Proof. Note that the restriction of i*Rj*Rj l Ripx A to U m is i* m Ri mif Rf m Rip x A. 



Therefore, it suffices to show that, for every structure morphism 0: U n 
of U,, the natural morphism (f>*i^Rj n ^Rj' n Rip^ A — > i* m Ri m:¥ Rf m Rip^ 
isomorphism. Consider the following commutative diagrams: 



U, 



U, 



(X/i 



(X/i 



1/Un 



J /U n 



Jn 



(X/U m )t 



Hx /Un ) s . 



The right diagram is cartesian by Lemma 12.131 All morphisms in the diagrams 
above are regular by Proposition 12.121 Therefore, 



%Rj w Rf n R^ Zjr A 



/U n 



*R 3ntf Rj n mx IIT A 



/Un (1) 



tRjm^RjlRlpO A 



/U n 



— > i*mR] m *Rj m <P*Rip X/u A — * i* m Rj m *Rj m Rip£ A, 

(2) > Un (3) > Um 

as desired. The isomorphy of (1) and (3) is a consequence of the regular base 
change theorem |Fuj95 , Corollary 7.1.6]. The isomorphy of (2) follows from |Rio07t 
Corollaire 4.7]. I 

Definition 3.2 We define the object R$> x ,z,u^ G -D + (^rcd,A) by 

RVx,z,uh = Ra*i*Rj*RfRip£ A. 



By Lemma I3TT1 it is characterized by the property a*R$>x,zuh- — i*Rj*Rj'R4>x A. 



/u. 



We would like to observe that R^x,z,u^ is independent of U up to canoni- 
cal isomorphism. For this purpose, let V be another affine open covering of X Te ^ 
and b: V, — > X re & the associated hypercovering. We will construct an isomor- 
phism Xyu : R$! XZU A — y Rty XZ yA by means of the bisimplicial technique. Let 
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c: W, m — y X rc d be the augmented bisimplicial scheme associated with a: U, — > 
X red and b: V, — > X vcd (c/. Section EJ]) . For every m,n > 0, W mn = U m x Xicd V n is 
a disjoint union of affine open subschemes of X ie d, since X rcd is separated. We have 
the first projection p: W m , — > U, and the second projection q: W, m — > V,. 

In the same way as X/u m , we can construct the bisimplicial S'-schemes X/w„ an d 
Z/w„- We have natural morphisms between etale sites illustrated in the following 
diagrams: 



J\v 



W..^(X /W J S ^-Z /W .. 




W..^(X /W ..) S ^Z /W „ 




JY 



i. X /V.)s i Z/y, 



We can construct the object i\ v Rjw*R3wRip x A °f D + (W„,A) and the natural 
morphisms 

p*i* u Rj Uif Rj x u Ri) 2/u ^ -^» i* w Rj w *Rjw R ^x /w „ A > 
q*i v Rjv*Rj v Ripx /v , A "^ i *w R 3w*RJw R ^x /w .. A - 
Lemma 3.3 The two morphisms ip p , tp q are isomorphisms. 

Proof. It suffices to show that (p p \w m „ is an isomorphism for every m,n > 0. We 
have 



(P*ih R 3U*RJu R ' l Px /u . A )\w mn = P* mn iu,m R Ju,m*RJb,m R,l Px /Um A i 
(i\V R Jw*RJw R ' l l J X,^ A )\w mn = i*W,rnn R Jw, m n*RJw,rnn R i , X,^ A 



JW, 



/w„ 



and f p \wmn can be identified with the morphism naturally induced from the diagram 
below, whose right rectangle is cartesian: 



W mn — ^ {X /Wmn ) s 



JW.mn 

< — Z, 



'/Wr, 



Un 



JU,t 



^{ X /U m )s < ! Z/U, 



Hence we can show the isomorphy of (p p \ w m „ exactly in the same way as in the proof 
of Lemma ED] by using the regularity oi p mn : X/ Wmn — > X/ Um (Proposition 12. 12) ) .1 
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By this lemma, we have the isomorphism 
c*m X;2 ,uA = p^Rju^RJuRiP^A ^^ q^R^Rj^^A = c*RS> x , z , v A. 
Since c* is fully faithful (Lemma I2.4p . there exists a unique isomorphism 

X V u '■ R^x,z,uA -=-»■ R^x,zyA 

such that c*(\yu) = Pq 1 ° W 

Lemma 3.4 i) For an affine open covering U of X red , we have Xuu — id. 
ii) For affine open coverings U , V , W of X red , we have \wv ° ^vu — ^wu- 

Proof. By using the trisimplicial scheme U, Xx Icd V, Xx Icd W», it is straightforward 
to prove ii). For i), note that Xuu ° Xuu = Xuu implies Xuu = id, since Xuu is an 
isomorphism. I 

Definition 3.5 We put R^x,zA = lini R^ x , z ,uA € D + (X Ted ,A). Here the induc- 
tive limit is taken over the small category as follows: 

— the objects are affine open coverings of X Ted , 

— and Hom(U, V) consists of one element for every objects U, V. 

Lemma 13.41 ensures that (R^x,z,uA)u forms an inductive system. Since Xyu is 
an isomorphism, the existence of the inductive limit is immediate. Note that the 
canonical morphism Xu '■ R^x,z,uA — > R^>x,zA is an isomorphism. 

If Z = (0,X S ) (resp. Z = (0, X Ied )), then RV XyZ A is denoted by R^! X A (resp. 

R^xA)- 

3.2 Basic properties 

In this subsection, we gather some basic properties of R$ Xt zA. Let X be the same 
as in the previous section. 

3.2.1 Excision triangle 

Proposition 3.6 Let Z\, Z 2 and Z 3 be closed formal subschemes of X s with Z\ C 
Z 2 C Z%, and put Z = (Z ly Z 2 ), Z' = (Z ly Z 3 ) and Z" = (Z 2 , Z 3 ). Then we have a 
natural distinguished triangle 

R$>x,zA — > R$ X)Z >A — > R^ x> z"A — > R^ X)Z A[l\. 

Proof. Take an affine open covering U of X red and let a : U, — > X red be the associ- 
ated hypercovering. Then we have three locally closed subschemes of (X/u,) s ' 

j:Z /Um —*(X /Um )., f-.Z'^^iX/u,),, j»;Z'i Vm <^{Xiu.) 8 . 



10 



Variants of formal nearby cycles 

By the definition, Zjy % is a closed simplicial subscheme of ZL whose complement 
coincides with Zl. Thus we have the following distinguished triangle: 

Rj.Rf-R^A — ► Rj^RfR^A —> RtfRfR^A — > Rj,Rj l R^ /v A[l]. 
By taking Ra*i* , we get the desired distinguished triangle. I 

3.2.2 Functoriality 

Let A" be another locally noetherian excellent formal scheme over S such that Af r ' ed 
is separated, and / : X' — > X a morphism over S. For a pair S = {Z\, Z 2 ) of closed 
formal subschemes of X s with Si C Z2, put S^ = A" x^ Si, S2 = X' x% Z 2 and 
S'=(S(,i^). 

Proposition 3.7 Under the setting above, we may construct the natural morphism 
V 9 / 1 f*e&R^x,zA — ¥ R^x',z>A. This is compatible with composition. 

Proof. We can take an affine open covering U = {Ui} ie i of X red , an affine open 
covering U' = {U[, }i' € p of X{ ed and a map a: I' — > I such that / re d(^i') C U a a^ 
for every i' G I'. Let a: U, — > X Ted (resp. a': U' m — > X{ cd ) be the hypercovering 
associated with U (resp. U'). Then a induces the morphism of simplicial schemes 
fa '■ U' m — > U, that makes the following diagram commutative: 



^U. 



u: 



■yl /red , , 

^red ► X 



red' 



Therefore, by Lemma [2T8| we have the morphism of simplicial schemes f a : X', v , - 
Xm m and the following commutative diagram whose right rectangle is cartesian: 



U. 



1 %• 



¥ \X/u>)s< Z 'lUL 



fa 



■/ui 
/< 



'/Ui 

fc 



U. 



^( X /U.)s< Z/u,. 



Thus we have natural morphisms 



f^RURj'R^A = i'*r a Rj,Rj [ R^ /Um A — > rRfJ^R^^A 
— ► i'*RjlRj n r a R4> Zn A — > tRjiRfR^, A. 



yu. 



IV. 
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We will denote it by ip a . This induces the morphism 

a'*f: cd m XiZ A = f*a*R*xM S^- f* a a*m x>z>u A = f*J* Rj*Rf R^x /Um A 

^ i'*RjiRf [ Rip3>, A = a'*R$> X ' z> rM ^H a'*mf x , Z ,A. 

iv. = 

We define ip a as the unique morphism such that a'*((f a ) coincides with the morphism 
above. 

We will prove that this is independent of the choice of (U, U', a). Let (V, V, (3) 
be another triple and denote the hypercovering associated with V (resp. V) by 
b: V — > X rcd (resp. V : V -- ► X'J. Put W.. = U. x Xicd V., W'„ = U' m x^ V.' 
and let c: W 7 .. — > X red and c': W^. — > X{ ed be the natural augmentations. Then, 
as in Section 13. 1[ we have the following diagrams: 



W+2-W^-Uv: X'^—X' 



h 



/a 



1 s. v y i p y 



*%, 



U. ^— W.. 



-+VL 



fa 



U 



A/[/. "* Ay vy.. ► X/v. , Z/r/. «- 






/a/3 



u 

p <■>■ 9 

-Z/iy.. ► Zyy; . 



Moreover, there is the natural morphism "i" (resp. "j") from the left (resp. right) 
diagram to the special fiber of the middle diagram. These naturally induce the 
following commutative diagram: 



ttac**vu=c'*f* d \ 



laP 



rcd A VU 



P'* f*Ju R Ju*R3u R i ) x /u . K -^ fap i *w R Jw*Rf w Ri J x /w ,. A ^- <i'* fl i v R Jv*Rjv R i ) x /v . A 



V Vq 



Va/3 



1 <Pp 



p'XtRfu^R&Ripx^ A -JL+ I'^Rfw^Rfw'R^x^, A ^- fi&Rj^RftWg^A. 



6 A v'u' 



Therefore the diagram 



f^m x , ZtU A f:cdXvu ) f^m XiZtV A 



K„ 1 °'Pc l of; ed \ U 



A y» 1 °W ) /*cd A V 



R&x',z',u'A 



-> .R^A",2',y'A 



is commutative, which implies (f a — fp- Thus we can put tpf — tp a . The compati- 
bility with composition is immediate. I 



Remark 3.8 It is easy to observe that the distinguished triangle in Proposition 13.61 
is compatible with the change of X in the obvious sense. 



12 



Variants of formal nearby cycles 

Proposition 3.9 In the same situation as Proposition \3.7[ assume that f is an 
open immersion. Then iff is an isomorphism. 

Proof. First we assume that X' is affine. Let us take an affine open covering U of 
A'red- It induces the affine open covering U' of X{ ed , since X re d is separated. Then 
the canonical morphism X[ ut — y X/u, is regular by Proposition 12.121 Therefore 
the regular base change theorem and |Rio07[ Corollaire 4.7] ensure the isomorphy 

of iff. 

In the general case, let us take an affine open covering X' = {J i€l l^i- Then for 
each i e I we have the following commutative diagram: 

(i^,*A)| (Mi)rBd ^^ ► (RV x >,z>A)\ micd 

R9ui,zruA- 

Since (1) and (2) are isomorphisms, so is t Pf\(u i ) I9d - Therefore <pf is also an isomor- 
phism. I 

Remark 3.10 Later we will prove that tpf is an isomorphism if / is smooth (Propo- 
sition EH]). 

3.2.3 Comparison with nearby cycle for schemes 

Proposition 3.11 Let X be a locally noetherian excellent scheme over S, Y a 
closed subscheme of X s which is separated, and Z = (Zi, Z 2 ) a pair of closed sub- 
schemes of X s with Z\ C Z 2 . We also denote the locally closed subscheme Z 2 \ Z\ 
of X s by Z. Let i: Y c — y X s and j; Z c — y X s be the natural immersions. Let 
X be the completion of X along Y and put Z\ = X Xj Z\, Z 2 = X x x Z 2 and 
Z = (Zi, Z 2 ). Assume X is excellent. Then, there exists a natural isomorphism 

i*Rj*Rj l RiP x A A R9f XtZ A, 

which is functorial on the pair (X, Y) . 

Proof. We may assume that Y is reduced. Then we can identify Y with X^. Let 
us take an affine open covering V of X and U the affine open covering of Y = X re & 
induced from V. For an affine open subscheme Spec A of X belonging to V, we 
have X/YnSpecA = Spec A, where A is the completion of A by the defining ideal 
of Y fl Spec A. Thus we have the S'-morphism X/ Y nspecA — > Spec A c — y X, 
which is regular since A is excellent. Therefore, we have the natural augmentation 
a: Xm % — y X. Moreover we have the following commutative diagram whose right 
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U.-^iX/u.).^-^. 



Y 



+ X.+ 



Z. 



Therefore we have natural morphisms 



i*Rj*Rj'Rip x A — > Ra*a*i*Rj*Rj'RipxA = Ra^i^a* Rj*RjRip x A 
— > RaJljRju^a* Rj l Rijj x A. — > RaJ^Rju^Rj^a* Rip x A 

— )• Ra t % / Rj u *Rj l u RiJ;g /Um A = R^x,z,uA -^> R^x,zK 

which are isomorphisms, since a : U, — > Y is a morphism of cohomological descent 
and a m : Xm m — > X is a regular morphism for every m > 0. 

By the same method as in the proof of Proposition I3.7[ we can prove that the 
morphism above is independent of the choice of the affine open covering V. The 
functoriality is clear. I 



Corollary 3.12 Let the notation be the same as in Proposition \3.11\ Then the 
object i*Rj*RjRif; x A of D + (Y, A) depends only on X and Z. To give more precise 
statement, let X ' , Y' and Z' = (Z[, Z 2 ) be another data as in Proposition \3.11\ and 
denote the natural immersion Y' c — > X' s (resp. Z' = Z' 2 \Z[ c — > X' s ) by i' (resp. f). 
Let X' be the completion of X' along Y' and put Z[ = X' x x > Z[, Z 2 = X' x x > Z 2 
and Z' = (Z[, Z 2 ). Assume that the pair (X', Z') is isomorphic to (X, Z). Then we 
have an isomorphism i*RjzRj l Rip x A = %'* Rj'^Rj' 1 Ripx' A, under the identification 

y v ~ 

1 red ^red 



y 

^rcd 



y 

red' 



Proof. Clear from Proposition 13.111 



Remark 3.13 Corollary EH for Z 

3.1]. 



[0, Y) is due to Berkovich [Ber96} Theorem 



3.2.4 Smooth base change 

Proposition 3.14 In the same situation as Proposition ^. 7\ assume that f is smooth. 
Then iff : f* ed R^/ xz A — > R^ X ',z'A is an isomorphism. 

In order to prove this proposition, we need the following lemma: 

Lemma 3.15 Let A be a noetherian ring and I an ideal of A. Assume that A 
is I-adically complete. Let fi, ■ ■ ■ , f m £ A(T\, . . . , T m ), where A{T\, . . . , T m ) is the 
I-adic completion of A[Ti, . . . , T m ], and put B = A(T ly . . . , T m )/(f 1 . . . , f m ). If the 
image of A = det(d fi/dTj) it j in B is invertible, then there exists an etale A-algebra 
whose I-adic completion is isomorphic to B as an A-algebra. 
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Proof. We can take g\, . . . , g m G A[T\, . . . , T m ] such that gi — fi & IA(T\, . . . , T m ). 
Put B' = A{T h . . . , T m )/(gx, . . . , g m ). We will prove B = B' as A-algebras. 

Put A' = det(dgi/dTj) it j. Clearly A = A' (mod I). Therefore the image of 
A and A' in B/IB are the same. On the other hand, we have B / IB = B' /IB' . 
Thus the image of A' in B' /IB' is invertible. Since B' is /.B'-adically complete, 
this implies that the image of A' in B' is invertible. Therefore Spf-B and Spf B' 
are etale over Spf A and their restriction to Spf A/ 1 are isomorphic. Hence we have 
SptB = SptB' and B = B'. 

Put C = A[T t , . . . , T m , T m+ i]/(#i, ...,g m , T m+1 A' - 1). Clearly C is etale over 
A. On the other hand, since A' is invertible in B' /IB' ', the 7-adic completion of C 
is isomorphic to B' as an A-algebra. This completes the proof. I 

Proof Proposition \3.1J\ By Proposition 13. 9[ we may assume that X is an affine 
formal scheme Spf A. Moreover, we may assume that there exists an integer m > 
and an etale morphism g : X' — > Spf A(Ti, . . . , T m ) such that the composite X' — > 

Spf A(Ti, . . . ,T m ) — ^ Spf A = X is equal to /. Thus we have only to consider the 
following two cases: 

- / = Wm- 

— f is etale. 

First consider the case where / = pr m . Let us denote the defining ideal of X red , Zi, 
Z 2 by /, Ji, J 2 respectively, and put X = Spec A, Y = Spec A/ 1, Z\ = SpecA/Ji, 
Z 2 = SpecA/J 2 , Z = Z 2 \ Zi, X' = Spec A[T lt . . . ,T m ], Y' = X' x x Y, Z[ = 
X' Xx Zi, Z 2 = X' Xx Z 2 and Z' = Z 2 \ Z[. Denote the natural immersions 
Y ^^ X„ Z « — ► X„ Y' « — > X' 8 , Z' « — > X' s by i, j, i', f, respectively. 

Then, by Proposition 13.111 (or the definition of BA>x,zh)-, we have the isomor- 
phisms i*Rj*Rj l R4> x A -=+ R^x,z^ and i^Rj^R/Ripx'h -=-> R*S> x >,Z'k. Further- 
more, by the functoriality of the isomorphism in Proposition I3.11[ we have the 
following commutative diagram: 

( P T m y md t*Rj,RfR^xA -^ (prJ* Ted R^ x>z A 

i'*RjlRf l R4>x>A > R^x',z>A- 

Thus it suffices to show that the natural morphism (pr m )* ed i*i?j ! „_Rj ! _R'?/'xA — > 
i'* Rj^Rj' 1 Ripx' A is an isomorphism. This is an immediate corollary of the smooth 
base change theorem. 

Next we consider the case where / is etale. By shrinking X' if necessary, we may 
assume that X' = Spf B, where B = A(T\, . . . , T m )/(/i, . . . , f m ) such that the image 
of det(dfi/dTj)ij in B is invertible. By Lemma T3.151 there exists an etale A-algebra 
C such that the J-adic completion of C is isomorphic to B' as an A-algebra. Let X, 
Y, Z be the same as above. Put X' = Spec C and define Y' and Z' as above. Then, 
by exactly the same way as above, we can prove that (ff is an isomorphism. I 
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3.2.5 Invariance under admissible blow-up 



Proposition 3.16 Let n: X' — > X be an admissible blow-up \Fuj95 Definition 



4.1.1]. Let Z = (Z±, Z 2 ) be a pair of closed formal subschemes of X with Z\ C Z 2 
and put Z' = (X' x x Zi, X' x x Z 2 ). Assume moreover that X' is excellent. Then 
the natural morphism R^xz^ — > Rir*Ri$?x',Z'A induced by <p n is an isomorphism. 

Proof. By Proposition \'S.9\ we may assume that X is affine. Let X = Spf A, X re & = 
Spf A//, Z x = SpM/Ji and Z 2 = SpiA/J 2 . Put X = Spec A, Y = Spec A/ 1, 
Z\ = Spec A/Ji, Z 2 = Spec A/J 2 , Z = Z 2 \ Z\ and let % : Y c — > X s and j : Z c — > X s 

be the natural immersions. Then, by Proposition 13.111 (or the definition of R^x,zX), 

i — 

we have the isomorphism i*Rj*Rj'Ripx-h — > R^x,zA. 

On the other hand, by the definition of an admissible blow-up, there exists a blow- 
up 7r : X' — > X whose center is contained in Y such that the i-adic completion of 
it is isomorphic to 7r : X' — > X. Therefore, if we put Y' = X' x x Y, Z[ = X' x x Z-y, 
Z' 2 = X' x x Z 2 , Z' = X' x x Z and denote the natural immersion Y' c — > X' s (resp. 
Z' c — > X' s ) by i' (resp. j'), we have the isomorphism i'* Rj'^Rj' 1 Ripx'-A —-$■ R^x',z'A. 

Furthermore, by the functoriality of the isomorphism in Proposition I3.11[ we have 
the following commutative diagram: 

i*Rj*RfRip x A ► R^x,zA 

TT Ted J*RjiRfR^ X 'A -="► TT rcd ,R^ X ',Z' A - 

Therefore it suffices to show that the natural morphism 

i*Rj m Rj l RiJ>xA ^ n ied J*RjiRj n R^ X 'A 
is an isomorphism. By the proper base change theorem, we have 
n ied J*RjiRj n Ripx'A *=- i*n*RjlRj n Ripx'A = i*Rj^*Rj' l R^x'A 

=* i*Rj*Rj%Ripx>A A i*Rj,Rj l R^ x ^A = i*Rj*Rj l R^ x A. 

It is not difficult to show that the isomorphism above coincides with the morphism 
(*). This completes the proof. I 

Remark 3.17 It is naturally expected that the excellence of X' automatically fol- 
lows from the excellence of X. 

3.2.6 Finiteness 

Definition 3.18 Let X be a locally noetherian formal scheme over S. We say that 
X is algebraizable if there exist a scheme X which is separated and locally of finite 
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type over S and a closed subscheme Y of X s such that the completion of X along 
Y is isomorphic to X over S. We say that X is locally algebraizable if there exists 
an open covering X = [J ieI Ui such that lAi is algebraizable for each i E I. 

Remark 3.19 By Proposition 12. 11[ a locally algebraizable formal scheme is auto- 
matically excellent. 

Proposition 3.20 Assume that X is locally algebraizable. Then R^x,zA is a con- 
structible complex for every pair Z = (Zi,Z 2 ) of closed formal subschemes of X 
with Z\ C Z 2 . 



Proof. By Proposition 13. 9[ we may assume that there exist an affine scheme X = 
Spec A of finite type over S and a reduced closed subscheme Y = Spec A/ 1 of X s 
such that X is the completion of X along Y. Let A be the i-adic completion of 
A. Then X = Spf A. Let Z\ = SpiA/Ji, Z 2 = Spf A/J 2 and put Z x = SpecA/Ji, 
Z 2 = SpecA/J 2 and Z = Z 2 \ Z\. By the construction, R^f xz A = ^Rj^Rj-RipgA, 
where i : Y c — y X s and j : Z c — y X s denote the natural immersions. 

Let us denote by h the natural morphism X — > X, which is regular since A is 
excellent. Then, by the regular base change theorem, we have Rip^A = h*RipxA. 



SGA4f, 



Finitude, 



Therefore RipgA is constructible, since RipxA is constructible by 

^^ jl ^^ 32 ~^~ 

Theoreme 3.2]. Let us factorize j as Z c — V Z 2 c — Y X s , where j\ is an open 
immersion and j 2 is a closed immersion. Denote the open immersion X s \ Z 2 c — y X s 
by j' . Consider the distinguished triangle 

Rj 2 R^A — ► j*Ri> x A -4 j*Rj'J*R^ x A -^ Rf 2 R^ x A[l]. 

We know that j 2 Rip x A is constructible. Moreover, by Gabber's finiteness theo- 
rem |Gab05j . j 2 Rj'J'*Rip x A is also constructible (note that X s is excellent and 
j' is quasi-compact). Therefore Rj 2 Rip x A is constructible, and thus Rj l Rip x A = 
RJlRj 2 Rip x A is constructible. Finally, by Gabber's theorem again, i*Rj^Rj'R%l)^A 
is also constructible. This completes the proof. I 

Remark 3.21 By using the £-adic formalism in |Eke90] . We can also define R^x,zA 
for A = TLi or (Q>£. All the properties in this subsection hold for these £-adic coeffi- 
cients. 



4 Comparison with rigid geometry 

4.1 Comparison with Berkovich's formal nearby cycle 

In this subsection, we will compare R$>xA with the formal nearby cycle of Berkovich. 
First we recall the definition of the formal nearby cycle functor. We will use the 
framework of adic spaces due to Huber [Hub94j . By the dictionary in |Hub96l 8.3], 
we can see without difficulty that our definition coincides with that in |Ber96j . 
Let X be a locally noetherian formal scheme over S. 
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Definition 4.1 i) We put t(X) v = t(X) \V(xv); recall that w is a uniformizer of 
R. It is an adic space over Spa(F, R), where F = FracR. 

ii) We denote the category of admissible blow-ups of X by $#. For an object 
X' — y X, X' w denotes the maximal open formal subscheme of X' where wOx< 
is an ideal of definition of X' . Obviously XL, is a cc-adic formal scheme. 

Remark 4.2 The adic space t(X) v is denoted by d{X) in jHub98bl 3.12]. If AT is 

ru-adic, then it coincides with d(X) in |Hub96| 1.9], which is quasi-compact if X is 
quasi-compact. 

Lemma 4.3 i) Let X' — y X be an object of <&x- Then the natural morphism 
t(X') v — y t(X) v is an isomorphism. 

ii) Let (X" — y X) — y (X' — y X) be a morphism in &x- Then an open immer- 
sion t(X^) v c — y t(XL[) v is naturally induced. 

iii) We have t(X) v = ^ {x ,_ x)e ^ t(X^) v . 

iv) If X is special, then t(X) v is locally of finite type over Spa(F, R). 
v) For special formal schemes X and y over S, X x s y is also special and we have 

t(x x s y) v = t{x) n x Spa{FjR) t{y) v . 

Proof, i) is well-known. For ii), let 14" be the inverse image of X' w in X" . Clearly 
14" C X'^. On the other hand, the natural morphism 14" — y X'^ is an admissible 
blow-up. Thus by i) we have the open immersion t(XL J ) v ^— t(l4") v c — y t(X£) n . It 

is easy to observe that this gives the contravariant functor from $>x to the category 
Q c t(x) °f quasi-compact open adic subspaces of t(X) v . 

We prove iii). Since t(X) v = lim U, it suffices to show that the functor 

y^ < ^Q c t(X) rl 

$^P — y Qc^) introduced above is cofinal. Since <&°x is filtered and Qc^) is a 
filtered ordered set, it suffices to show that for every U e Qc^) there exists an 
object X' — y X of $^ such that U C t(A^)r;- We may assume that X is an affine 
formal scheme Spf A (use [EGA, I, (9.4.7)] to extend a local admissible blow-up to 
global). Let / = (ai, . . . , a n ) be an ideal of definition of A. Then it is easy to see 



that 



o 1; . . . , a n 



zu 



t(SipiA)\V(w) = IJR[ 

fc>i 

where 

k k 

R ( a x ,...,a n ^ = ^ veSpa ^ A ^ | v ( a k^ < v ( w )^ (i = l,...,n)} 



is a rational subset of Spa.(A,A). Let X' — y X = Spa A be the admissible blow-up 



1 > • • • > a n 



along the open ideal (w, a^, . . . , a*) of A. Then we have t{X^)„ = R[ 
This completes the proof of iii). 
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For iv), note that t{X^) v is an adic space of finite type over Spa(F, R) for every 
object X' — ► X of $ x . 

We prove v). By |Ber96t Lemma 1.1 (v)], X x s y is also special. To observe 
t(X Xg y) v = t(X) v Xs pa ,(F,R) t(y)ri, it suffices to show the equality t(X x 5 y) = 
t(X) Xt(S) t{y)- We may assume that X and y are affine. By |Hub94[ (1) in the 
proof of Proposition 4.1], for an adic space X and a commutative diagram of locally 
and topologically ringed spaces 

(x,o+) — >x 



y >s, 

we have a unique morphism (X, O^) — > X x$ y that makes the obvious diagram 
commutative. It implies t(X x s y) = t(X) x.t(S) ^(3^), which concludes the proof. I 

Definition 4.4 Let R be the ring of integers of F, the fixed separable closure of F. 
For a special formal scheme X over S, we put 

t{X)rj = t(X) v x Spa (F,ij) Spa(F, #). 

By Lemma 14.31 iv) and [Hub94l Proposition 3.7], the fiber product above can be 
defined. 

Now we can define the formal nearby cycle functor. 

Definition 4.5 Let X be a special formal scheme over S. Consider the functor 
(X Icd ) 6t = X 6t — ^ (t(X) w ) 6t ; y ^ t(y)jj. By plbM Lemma 3.5.1] and JHubMl 
Lemma 3.9 (i)], this gives a morphism of sites \l/^ d : (t(X)jf)& — > (^red)et- We 
denote the derived functor of (^ d )* by Rty^ and call it the formal nearby cycle 
functor. 

The following is our main comparison result in this subsection. 

Theorem 4.6 For a special formal scheme X over S such that X re ^ is separated, 
we have a natural morphism e* : R^x^ — > R^ x d A. Moreover, if X is locally 
algebraizable or w-adic, then e* is an isomorphism. 

First consider the case where X is an affine formal scheme Spf A. Let I be the 
ideal of definition of A such that A/ 1 is reduced, and put X = Spec A, Y = Spec Ajl. 
We will define the morphism of sites (t(X)jj)& — > (^)et- 

Lemma 4.7 Let Z be an adic space locally of finite type over Spa(F, R),T a scheme 
over S and (Z, Oz) — > T a morphism of locally ringed spaces over S. Then we 
have a natural morphism of locally ringed spaces (Zjj, Oz-) — > Tjj. 
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Proof. We may assume that T = Spec B is affine. Take an affinoid open subspace 
Spa(C, C + ) of Z where (C, C + ) is complete, and construct the morphism 

Spa(C,C + ) x SMF>R) Spa(F,E) — ► Spec(B® R F). 

The given morphism Z — y T induces a morphism Spa(C, C + ) — y Spec 5. This 
corresponds to an i?-homomorphism B — y C. Since w is invertible in C, we get the 
F-homomorphism B ®r F — y C and the F-homomorphism B £g>R F — y C ®f F. 
On the other hand, by the construction of the fiber product |Hub94| Proposition 
3.7], Spa(C, C + ) ><spa,(F,R) Spa(F, R) is an affinoid Spa(F,F + ), where (D,D + ) is 
complete. In particular, we have the following diagram of rings: 




Thus we have a natural F-homomorphism C C8>f F — y D, which corresponds to 
Spa(C, C + ) ><spa,{F,R) Spa(F, R) = Spa.(D,D + ) — y Spec(C <&f F). By composing 
it with Spec(C ®_f F) — y Spec(F ®r F), we get the desired morphism of locally 
ringed spaces. I 

By applying this lemma to the natural morphism t(X) v — y t(X) — y X, we 
have the morphism of locally ringed spaces t(X)^ — y X^. Therefore, for a morphism 
W — y Xjj locally of finite type, we can form the fiber product t{X)^ x^_ W in the 
sense of [Hub94, Proposition 3.8]. The functor W i — y t(X)jjXg_W gives a morphism 

of sites e: (t(X)jj) 6t — y (X T ) ft |Hub961 3.2.8]. 

Lemma 4.8 Consider the following diagram of sites, where i and j denote the 
natural morphisms: 



{t(Xh) -1+Yt 



,jad 

A 'et 



3 



[Xjjjct * X$t. 

We have a natural morphism of functors (\l/^. d ) _1 o i^ 1 — y s^ 1 o J -1 . 

Proof. Let W — y X be an etale morphism and denote the J-adic completion of 
W by W. Then (*^)- 1 (i -1 (W)) = *(W)j. On the other hand, e- l {T l {W)) = 
t(X)jjX£_Wj}. Since we have a natural morphism of locally ringed spaces t(W)jf — > 

Wrj by Lemma |4T8"1 we have the morphism t(W)jj — > t{X)^ x ^_ Wjj of adic spaces.l 
Definition 4.9 By the lemma above, we have a natural morphism 

RVxA = (Ripx A )W = i*RjA — >■ R(Vx)*e*A = mgA. 
We denote it by s*. 
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Proposition 4.10 Assume moreover that there exist a finitely generated R-algebra 
Aq and an ideal Iq of Aq such that the Io-adic completion of A® is isomorphic to A 
as a topological R-algebra. Then e* is an isomorphism. 

Proof. Put X = Spec A . By replacing J by a/To, we may assume that Spec Aq/Iq = 
Y. Then we have the following commutative diagram: 



WxA)| 





i?^vA 



->■ R^fA. 



Here (1) is the morphism in Proposition 13. 11[ which is an isomorphism. The mor- 
phism (2) can be constructed in the similar way as e*. It is proved to be an isomor- 
phism by [Ber96t Theorem 3.1]. Thus e* is also an isomorphism. I 

Proposition 4.11 Assume that the topology of A is w-adic. Then e* is an isomor- 
phism. 

Proof. This is a special case of |Hub96} Theorem 3.5.13]; apply it to 



Y'^-+X- 



) R R^{X® R R)\Y' 



X; 



■')•■ 



where Y' is the closed subscheme of X ®r R defined by w. Note that Rip-gA = 
i^Rj'^A, since Y' — y Y induces an isomorphism on their etale sites. I 



Now the proof of Theorem 14.61 is easy: 



Proof Theorem \4.6\ First we will construct the morphism e* : i^^A — y R^/^A. 
Take an affine open covering U = {Ui} of X Tcd and denote the associated hyper- 
covering by a: U, — y X Ted . Then, for every i, t{X/u^)ii is an open adic subspace of 
t(X)r) and {t{X/u^)rj} forms an open covering of t{X)^. We denote the hypercovering 
associated with this open covering by a ad : t(X/ Ut )jj — y t(X)jf. Then we have the 
following diagram of sites: 



(*(*)*)« 






» {X tc d) 



C-t 



mu.h) 6t ^^(u. 



I6t 



(( X /U.)v) 6t ► {X/u.)et- 

Here the lower rectangle is constructed in the same way as the diagram in Lemma I4TK1 
It is not commutative, but we have a natural morphism of functors (\E^ C 



/u. 



Ol 



e oj . On the other hand, the upper rectangle is obviously commutative. 
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Thus, we can construct the morphism e* : R^ X A — > i?\P|?A by composing 

m x A <^- RV X}U A = RaJ*Rj,A — > Ra*R(V$ )*e*A 
= R^RafA <=- m x d A. 

Here the isomorphy of the last arrow follows from the fact that a ad is a morphism 
of cohomological descent. By the same method as in the proof of Proposition 13. 7[ 
we can prove that the morphism above is independent of the choice of U. 

Since the construction of e* is functorial, in order to prove that e* is an isomor- 
phism, we may work locally (cf. Proposition 13. 9p . Thus, by Proposition 14.101 and 
Proposition 14.111 £ * is an isomorphism if X is locally algebraizable or ccj-adic. I 

Remark 4.12 It is plausible that the morphism e* is an isomorphism for a general 
special formal scheme X over S such that X re & is separated. 

Remark 4.13 One of the most important properties of Berkovich's formal nearby 
cycle functor is the continuity theorem |Ber96I Theorem 4.1]. By Theorem 14.61 
our Rfy x A also has the property if X is locally algebraizable or cc-adic. It is an 
interesting problem to prove the continuity theorem on R^ X zA for general Z. It 
seems difficult, since our functor has no apparent relation to rigid geometry. 
In |IM10j . we need a continuity of the following type. 

Let G be a locally profinite group which acts continuously on a quasi- 
compact special formal scheme X over S such that X re & is separated, and 
Z = (Zi, Z 2 ) a pair of closed formal subschemes of X s with Z\ C Z 2 which 
is preserved by G. Then the action of G on H%(X Ted , R^x,zQe) is smooth 
(namely, the stabilizer of each element is an open subgroup of G). 

We do not have a proof of it, but we can prove it when G is obtained as the set of 
i^-valued points of a linear algebraic group over a p-adic field K. Our proof is not 
geometric but purely algebraic; we use some properties of pro-p groups. See |IM101 
Section 2]. 

4.2 Compactly supported cohomology and R^/^ C A 

In this subsection, we will relate H^(X Ted , R^ Xc A) to the compactly supported co- 
homology H%(t(X)jj,A) under some condition. Let X be a quasi-compact special 
formal scheme which is separated over S, namely, the diagonal X — > X x$ X is 
a closed immersion. Then t(X) v is separated over Spa(F, R) (cf. Lemma 14.31 v)). 
Moreover, by the following lemma, t(X) v is taut: 

Lemma 4.14 For a quasi-compact special formal scheme X which is separated over 
S, t(X) v and t(X)jj are taut. 
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Proof. First we will consider the case where X = Spf i?[[T]]. For an integer m > 1, 
we put 

U m = {v G t(X) | v(T m ) < v(zu) < v{T m - 1 ), v(zu) ^ 0} 

= {ve t(X) | v(T m ) < v{w) /0}n{i;G t{X) | v{w) < v(T m - 1 ) ^ 0}, 

which is a quasi-compact open subset of t(X) v . Then it is easy to see that t(X) v = 
U™ =1 U m and U m fl U n = unless m — n = ±1 (note that v{T) < 1 since v is a 
continuous valuation). Therefore t(X) v is taut by [Hub96l Lemma 5.1.3 ii)]. 

Now we consider the general case. By |Hub96[ Lemma 5.1.3 ii)], we may assume 
that X is affine. Then X is a closed formal subscheme of Spf R(Ti, . . . , T m ) [[Si, . . . , S n ]] 
for some m, n. Since a closed adic subspace of a taut adic space is taut, we may as- 
sume that X = Spf R(Ti, . . . ,T m )[[Si, . . . , S n ]]. Put y = Spf R[[S\, . . . , S n }}. Then 

t(y) v = t(Spf i*[[Si]])„ x Spa(Fii?) • • ■ x Spa(Fji?) t(Spf i2[[5 n ]])^ 

is taut by |Hub96t Lemma 5.1.3 v), Lemma 5.1.4 hi)]. Since t(X) v — > t(y) v is 
quasi-compact and quasi-separated, t(X) v is also taut |Hub96| Lemma 5.1.3 iv)]. 
Thus by |Hub96l Lemma 5.1.4 hi)], t{X)^ is also taut. I 

Therefore, we may define the compactly supported cohomology H^(t(X)jj, A) of 
t(X)jj (cf. |Hub961 Chapter 5]). 

Corollary 4.15 We have a natural isomorphism 

H*(t(X) n ,A)= lim H«(t(X^,A). 

Proof. By Lemma 14.141 and |Hub96t Lemma 5.1.3], t(X^)fj — > t(X)fj is a taut 
morphism between taut adic spaces. Therefore the corollary follows from jHub96. 
Proposition 5.4.5]. I 

4.2.1 Complements on the functor Rf\ 

For a separated morphism / : X — y Y locally of + weakly finite type between ana- 
lytic adic spaces, Huber constructed the functor Rf\ [Hub96, Section 5] (in [Hub96], 
it is denoted by R + f\). If / is partially proper or an immersion, then Rf\ is the 
derived functor of f\ (in the latter case we moreover have Rf\ = f\). In these cases, 
we have a natural morphism of functors Rf\ — > Rf*, for f is a subfunctor of /*. 
We need the following proposition: 

Proposition 4.16 For a separated morphism f : X — > Y locally of + weakly finite 
type between analytic adic spaces, we have a morphism of functors Rf\ — > Rf* 
which satisfies the following conditions: 

— If f is partially proper or an immersion, then Rf\ — y Rf* coincides with the 
morphism above. 
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The morphism is compatible with composition. Namely, we have the following 
commutative diagram: 

%o/),f^%oi?/, 



R(g ° /)* = Rg* ° Rf*- 

Note that the natural morphism of functors f\ — > /* is compatible with compo- 
sition (c/. [Hub96l Proposition 5.2.2 iii)]). Therefore, if both / and g are partially 
proper or are immersions, then the second condition in the proposition above is 
satisfied. Thus, as in the proof of |Hub96l Theorem 5.4.3], it suffices to show the 
following lemma: 

Lemma 4.17 Consider the following commutative diagram of analytic adic spaces 
where f, f are partially proper and j, j' are immersions: 




Then two morphisms of functors j\ o Rf( — >• Rj^ o Rf^ and Rf\ o j' — y Rf^ o Rf 
are equal under the identifications j< o Rf( = Rf, o j\ in t Hub96, Lemma 5.4.2] and 
Rj*oRfi = Rf,oRJi. 

Proof. Obviously j\ o Rf( is the derived functor of (j o /');. By |Hub96t Lemma 
5.4.2], Rf\ of is the derived functor of (/ o j'),. Now it is easy see that the two 
morphisms in the lemma can be identified with the morphism induced by g\ — > g*, 
where g = j°f' = f°j'- I 

4.2.2 Pseudo-compactifications 

In order to construct the comparison homomorphism 

£*: H*(t(X)j;,A) — )- H«(X Ted ,RV XjC A), 

we introduce the notion of pseudo-compactifications. We will assume that every 
formal scheme appearing here is a quasi-compact special formal scheme which is 
separated over S. 

Definition 4.18 We say that a formal scheme X is pseudo-proper over S if X red is 
proper over Specfc and t(X) v is partially proper over Spa(F, R). 

Lemma 4.19 i) Let X be a proper S-scheme and Y a closed subscheme of X s . 
Then the completion X of X along Y is pseudo-proper over S. 
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ii) Let X be a formal scheme which is pseudo-proper over S. For an object X' — > 

X of&x, X' is pseudo-proper over S. 
iii) For formal schemes X and y which are pseudo-proper over S, X x$ y is also 

pseudo-proper over S. 

Proof. For i), we have only to verify that t(X) v is partially proper over Spa(F, R). 
It is equivalent to that for every quasi-compact open subset U of t(X) v , the pseudo- 
aclic space (t(A') 7? , U) is proper over Spa(F, R), where U denotes the closure of U in 
t(X) v . Let us denote the w-adic completion of X by X\. Then by |Hub98b| Lemma 



3.13], t(X) v is the interior of a closed constructible subset of t(Xi) v . Therefore U 
coincides with the closure of U in t(Xi) n (c/. [Hub98ct proof of Lemma 1.3 iii)]). 
Since t(A' 1 ) r; is proper over Spa(F, R), (t(A' 1 ) r? , U) is also proper over Spa(F, R), and 
thus (t^X)^, U) is also proper over Spa(F, R). 

ii) is clear from t(X') ri = t(X) v . iii) is a consequence of Lemma 14.31 v). I 

Remark 4.20 It is plausible that a formal scheme X over S is pseudo-proper if 
X red is proper over Spec k. 

Definition 4.21 i) A pseudo-compactification of X is an immersion X c — > X 
into a formal scheme X which is pseudo-proper over S. A formal scheme which 
has a pseudo-compactification is said to be pseudo-compactifiable. 

ii) An adic 5-morphism of formal schemes /: y — > X is said to be pseudo- 
compactifiable if there exists a diagram of formal schemes over S 




where the horizontal arrows are pseudo-compactifications and /' is adic (hence 
proper, since / r ' ec j is proper). 

Example 4.22 i) If X is afline, then it is pseudo-compactifiable. Indeed, X 
is a closed formal subscheme of Spf R{Ti, . . . , T m ) [[Si, . . . , S n ]] for some m, n, 
which is an open formal subscheme of Pg 1 x 5 Spf -R[[Si, . . . , S n }}. The last formal 
scheme is pseudo-proper over S by Lemma 14.191 i) , since it is the completion of 

Pg 1 x s Pg along P^ x {0}. 

ii) If X is algebraizable, then it is pseudo-compactifiable. Indeed, for an S'-scheme 
X which is separated of finite type and a closed subscheme Y of X s such that 
the completion of X along Y is isomorphic to X, take a compactification X 
of X and the closure Y of Y in X. Then the completion X of X along Y 
is pseudo-proper over S (Lemma 14.191 i)) and contains X as an open formal 
subscheme. 

iii) If X is pseudo-compactifiable, so are its open formal subschemes. 
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iv) If X is pseudo-compactifiable, then an isomorphism of formal schemes y ^^ X 

is pseudo-compactifiable. Indeed, for a pseudo-compactification X c — y X of 
X, y — ^ X c — >■ X gives a pseudo-compactification of y . More generally, an 
immersion y — y X is pseudo-compactifiable. 

Lemma 4.23 i) Let X be a pseudo-compactifiable formal scheme over S. Then, 
for every object X' — y X of <&x, X' Is also pseudo-compactihable. Moreover, 
for every morphism (X" — y X) — y (X' — y X) of$>x, the morphism X" — y 
X' is pseudo-compactifiable. 

ii) Let f : y — y X be a pseudo-compactifiable morphism of pseudo-compactifiable 
formal schemes over S. Then, for every object X' — y X of<&x, there exist an 
object y — y y of §y and a pseudo-compactifiable morphism f : y' — y X' 
such that the following diagram is commutative: 



y 



y 



r 



*X' 



+ x. 



Proof. We prove i). By definition, there exist a closed immersion X c — y X\ and 
an open immersion X\ c — y X such that X is pseudo-proper over S. We denote the 
ideal of the center of the blow-up X' — y X by J . Let J\ be the ideal of Ox 1 that 
is naturally induced from J and X[ — y X\ the admissible blow-up along J\. Then, 
we have a natural closed immersion X' c — y X[. Moreover, by |EGAl I, (9.4.7)], 
there exists an extension of J\ to an admissible ideal of X, which we denote by J . 
If we denote the admissible blow-up along J by X - 
commutative diagram: 

x> — >x{ — >x' 



X, we have the following 



X 



*X X 



*x. 



The immersion X' c — y X gives a pseudo-compactification of X' by Lemma 14.191 
ii). Moreover, the diagram above shows that the admissible blow-up X' — y X is 
pseudo-compactifiable. Denote the ideal of the center of the blow-up X" — y X 
by /C. Then X" — y X' is the admissible blow-up of X' along ICOx 1 - Hence it is 
compactifiable by the argument above. 

For ii), we simply take y' — y y as the admissible blow-up along (f~ l J)Oy. I 



Definition 4.24 Let X be a pseudo-compactifiable cu-adic formal scheme over S 

and L an object of D + (t(X)^, A). We take a pseudo-compactification X 
define the homomorphism 



— y X and 



Zx:H«{X ied ,m* d L) 



H*(t{X)i,L) 
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as the composite of 

Hi{x xed ,mfL) = H\x Ted ,j re ^mfL) ^K H<*(x led ,m% d t(JhL) 

= H^tQC^t^L) ^ H^t(X) w ,t(j)^L) = Hl{t{X)^L). 

Here (1) is induced from the natural isomorphism R^J^L = j* cd R^^t{j)fj\L. The 
homomorphism (2) is the one constructed in Proposition 14.161 It is an isomorphism 
since t(X) v is a quasi-compact open subset of t(X) v (recall that X is cc-adic) and 
thus the closure of t(X) v in t(X) v is proper over Spa(F, R) as a pseudo-adic space 
( cf. proof of Lemma 14.191 i) ) . 



Lemma 4.25 Let X and L be as in Definition \4.24[ 
i) The homomorphism ^x is independent of the choice of a pseudo-compactification. 
ii) For a pseudo-compactifiable proper morphism f: y — > X between pseudo- 
compactifiable w-adic formal schemes over S, the following diagram is commu- 
tative: 

H*(X ied , RV&L) ^ > H2(t(X)if, L) 



& 



«m 



H«(y Ted , R*ft(f)±L) -21> H?(t(y)^ t(f)tL) . 
iii) For an open immersion U c — > X , the following diagram is commutative: 

H?(U Ted , R^{L\ t(uh )) -*<-> H*(t{Uh, L\ t{uh ) 



Cx 



H*(t{X)i,L). 



Hi(X ted ,R^L) 



iv) For an open covering X = {J ieI Ui of X , we have the following morphism of 
spectral sequences (cf. \Hub96\ Remark 5.5.12 Hi)]), where we put U% 0r ,.,i p = 

u lo n---nu ip : 

E~^ q = e( i o I ..^) 6 /^^((^o,., ip )red,^^,...,/) ^H~^(X Ied ,R^L) 



e<e w . 



l ,...,lp 



El ' — (B(i ,...,i p )£lP+i Hc{ t (Mio,-,ip)riiL) 



ix 



>H-P+«(t(X)^L). 



Proof. We will prove i). Let j': X c — > X be another pseudo-compactification. 
Then the composite X c — > X x$ X > X x$ X is also a pseudo-compactification 



by Lemma f4. 191 iii). Thus we may assume that there exists a morphism tc : X — > X 
over S such that i\ o j' = j. Obviously 7r re d is proper. The claim is an immediate 
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consequence of the commutativity of the following diagrams (we also write j and j' 
for t(j)rf and t(j%): 



H*{t(X)i,L) ^=H2(t(X)r,,jiL) ^-^m{t{X)^, j,L) 



m(t{X)ri, Ririj[L) > H«(t(X)r,, Ririj[L) 



Hi(t(X\,L) ^=H!(t(x') 7f ,j(L) 



H«(t(X)ri,Rir.j[L) 



Hi{t{X%j[L), 



H q (X red ,j red \Rtyx L) 



W(t{X)^jiL) 



■>W(X nd ,IWgj l L) 



Hi(X red , R^RirjL) = H*(t{X)^ RnjL) 



Hi(X red , Rtt^j'^R^L) ► H*(X ied , Rir^mpJiL) 



H q (x' rcd , j^mpL) ► H«(x' Ted , mgjiL) — m (t(x\, j[l) . 



The first diagram is clearly commutative. The commutativity of the second diagram 
is also trivial, except for the upper left rectangle. Let us observe the commutativity 

of the remained rectangle. Take a factorization X c — > X 1 c — > X of j, where i is 
a closed immersion and j\ is an open immersion. Consider the following diagram, 
whose rectangles are cartesian: 



x-^x'-^xi-^-g 



x-^Xi^Ux. 



Note that a is a closed immersion, since ir' is separated. By the adjointness of (ji) rc d! 
and {ji)* cd , it suffices to show that the following diagram is commutative (note that 
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i*, i\ = i[ and en = cr*, since i, i', a are closed immersions): 



iredlR^L 



R$t$i\L 



(i) 

(2) 



R(-Jri) ied J ied ,a ied ,m^L ► Rfa^mfifaL. 

By Proposition I4.16[ the composite of (1) and (2) is the evident map R^^i*L ^ L > 

R^/^Rir lif i^a^L induced from i = 7i"i o %' o a. Now the commutativity is clear, since 
two morphisms we should compare are both obtained as the composites of evident 
identifications such as g* o /* = (go/)*, where / and g are morphisms of sites. 

The proofs of ii) and iii) are straightforward, and iv) is an easy consequence of 
|Hub96t Corollary 3.5.11 ii)]. We will omit them. I 

Corollary 4.26 Let X and L be as in Definition \4.24[ Then £ x is an isomorphism. 



Proof. By Lemma \A. 251 iv). we may assume that X is affine. Then the isomorphy of 
£x follows from |Hub98ct Lemma 2.13]. I 

Remark 4.27 If X is not tu-adic, H«(t(X)rj,L) and H*(X Icd , R^fL) are not iso- 
morphic in general. For example, if X = Spf R[[T]], then Hl(t{X)^A) = A(-l) ^ 
0, while H 2 c (X Ted , mfA) = H*(X Ied , A) = 0. 

4.2.3 Construction of the comparison map 

Now we can give the definition of £*: H%(t(X)jj,A) — ► H$(X ied , R^ X)C A). In the 
sequel, let X be a quasi-compact special formal scheme which is separated over S. 



Definition 4.28 Assume that X is pseudo-compactifiable. For an object X' 
of $>x, we define the homomorphism 



X 



e x r. H^X^A) -^ H«(X Ied ,R* x>c A) 



as the composite 



rj 



(i) 



H!{t(X^,A) ^ H^(X^ ved ,R^A) = H?{(X^) Ted ,R^A) 
^> H«(X; ed ,RV x ,, c A) ^ H«(X Tcd ,Ry x , c A). 
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Here (1) is the isomorphism in Theorem 14.61 The morphism (2) is obtained by 
Proposition 13.9} note that R^x* ,cA — R^x^A since X' w is cu-adic. The isomorphism 
(3) is due to Proposition 13.161 Finally, notice that X' w is pseudo-compactifiable by 
Lemma 14.231 i) and Example 14.221 an d thus £%> is defined. 

Lemma 4.29 Assume that X is pseudo-compactifiable. Let (X" — > X) — > 
(X' — > X) be a morphism in $,*• . Then we have the following commutative dia- 
gram: 



H!(t{x^)ff,A) -^UH?(x ied ,mxA)- 

Proof. Let IA" be the inverse image of X' w by X" — > X' . Consider the following 
diagrams: 

Hi(t(X^f, A) £=- m((X^) Ied , m«A) ^- H!((X^ cd , JflfcjA) 



H*(t(U'%, A) ^- H2((U") Ted , m$,A) ^— m{(u") rcA , m w A) 



iff (i(A£)*A) ^H^{(XZU,R^xt A ) ^H2((X£) Ied ,mx»A), 

H«((x^) led: m x >,A) — ► h?(xu m x >,cA) ^- H?(x red , m x , c A) 



H?((U") Ted} m u »A) 



H«((X£) Ied: RVxhA) > H«W edJ mx», c A) ^— H?(X iedl RSf Xi< A). 



The upper diagram is commutative by Lemma [4.251 ii). iii); note that 14" — > X' w is 
pseudo-compactifiable by Lemma [4.231 i). The commutativity of the lower diagram 
follows from easy consideration. I 

Definition 4.30 Assume that X is pseudo-compactifiable. Then we define 

e*: H^t(X)rf,A) -+HI(X ni ,IM XtC A) 

as the composite of 



Hl(t{X)^A)^- lim Hl(t{X^A) 



lim e x i 

^-^H q c (X ved ,mx,cA)- 



(*'->■#) £$° p 
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It is easy to see that e* is functorial with respect to the push-forward by an 
open immersion. We can also prove the functoriality for the pull-back by a pseudo- 
compactifiable proper morphism of formal schemes y — y X: 

Proposition 4.31 Let f: y — y X be a pseudo-compactifiable proper morphism 
of pseudo-compactifiable formal schemes over S. Then, we have the following com- 
mutative diagram: 

H*(t(X)if, A) -^ H*(X red , m x , c A) 



Km 



r 



H2(t(y)jf,A) -^H2(y led ,m ytC A). 



Proof. Let X' — y X be an object of <&x- By Lemma l4.23l ii) . we may take an object 
y' — y y of $y such that there exists a (unique) pseudo-compactifiable morphism 
/': y' — y X' which makes the following diagram commutative: 




Let W be the inverse image of X!^ under /' : y — y X'. We may define the homo- 
morphism Ef> : H^(t(W)jj, A) — y H^(y red , R^y c A) in the same way as in Definition 
14.281 By Lemma [4.251 ii). the following diagram is commutative: 

H«(t(X^A) ^H?(X rcd ,m x , c A) 



t(f% 



f* 



H*(t(u%ti) -^H«{y Ted ,m y;C A). 



Moreover, by Lemma 14.251 iii). £p is equal to the composite of the push- forward 
H^(t(U')rf,A) — y H%(t(y)rj, A) and e*. Therefore, the two homomorphism /* o e* 
and £* o £(/)* are equal on the image of H^XL)^ A) — y H^{t{X)r,,A). By 

Corollary I4.15[ we have /* o e* = e* o t(f)t, as desired. I 



4.2.4 Comparison result 

Theorem 4.32 Assume that a formal scheme X over S satisfies the following con- 
ditions: 

— quasi-compact and separated over S, 

— pseudo-compactifiable, 

— and locally algebraizable. 
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Then, e*: H$(t(X)fj,A) — y H q (X red , R^ Xfi A) is an isomorphism. 

In particular, if X is quasi-compact and algebraizable, then e* can he defined 
and is an isomorphism. 

First we reduce to the case where X is algebraizable: 
Lemma 4.33 To prove Theorem \4.32l we may assume that X is algebraizable. 

Proof. Assume that Theorem 14.321 is true if the formal scheme is algebraizable. Let 
X = [J ieI Ui be an open covering of X, where Ui is algebraizable. Then we have the 
following morphism of spectral sequences (cf. [Hub96l Remark 5.5.12 hi)], Lemma 
14.251 iv)). where we put U io D • • • fl U ip = U kh ... yip : 

E i P ' q = e (40 ,.., P )^+i Hq MUio,.,i P h A) > H;^(t{X%A) 



Ei M = e (i0 ,..., ip)e / P+ i Hl((U i0r .. >ip ) Ted , m^ Ip>c A) ^H-p+«(x ied ,m x>c A). 

Since U io fl • • ■ fl U ip = U io ^^ ip is algebraizable (cf. |Mie07[ Lemma 7.1.4 (ii)]), the 
morphism e* on .E^-term is an isomorphism. Therefore e* for X is also an isomor- 
phism. I 

Let X be a separated S'-scheme of finite type, Y a reduced closed subscheme of 
X s and i: Y c — y X s the natural closed immersion. In the sequel, we consider the 
case where X is the completion of X along Y. 

Definition 4.34 Let e: (t(X)^)(, t — y (X^)(, t denotes the morphism of sites con- 
structed similarly as e in the diagram in Lemma 14.81 For L e D + (Xjj, A), let 
e* : i*Rip x L — y R^ x d e*L be the morphism constructed in the same way as e* in 
Theorem 14.61 If L e D+(X^,A), then e* is an isomorphism by |Ber96l Theorem 
3.1]. We also denote by e* the morphism induced on the cohomology 

e*: H q (Y,i*Rijj x L) — ► H q (X Ied , R$>fe*L) = H q (t(X)^ e*L). 

Let $x denotes the category of blow-ups of X whose centers are contained in 
Y. Then $x is cofiltered and the natural functor from $x to <&# is cofinal. For an 
object X' — y X of Q x , we denote the corresponding object of <&# by X' — y X and 
take an open subscheme X'^ of X' such that the ro-adic completion of X' m coincides 
with X^. We denote the natural morphism of sites (t(X^)jj)^ t — y ((X^Jr^et by e' . 

Definition 4.35 For L e D+(Xjj,A), we put V = L\i X t )- an d define the homo- 
morphism e x >: H q (t(Kh(e*L)\ t{ ^ h ) = H«(t(Kh e'*l') — ► H q (Y,R^R^ x L) 
as the composite of 

H?(t(X^,e'*L') i|> Hl({X^) TeA ,R^le'*L') «£. H*({X^). } R^L') 

^H q c (Y,Ri-Ri) X L). 
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Obviously ex' is independent of the choice of X' m and compatible with the change 
of X' . Therefore, by taking inductive limit with respect to $^P, we obtain the 
homomorphism 

e*: H q c (t(X)jj,e*L) — ► H*(Y, RvR^ x L). 

It is easy to see that the composite of e* : H%(t(X)rj, A) — y H^(Y, RrRip x A) and the 
isomorphism H%(Y, RvRip x X) — — > H^(X Te ^, R^x, c A) in Proposition 13 . 1 II is equal to 
£*. Thus it suffices to show that e* is an isomorphism. The reason why we prefer 
e*, e* is that they allow a coefficient L. 

In order to prove the isomorphy of e*, we use the duality theory. First we prepare 
a comparison result for dualizing sheaves. 

Proposition 4.36 Consider the following diagram, where X^ d = t(S)jf x s P ecF -^V 



t(X\ 




tfflrf-?-* Spec F. 

For L G D+(SpecF, A), we .have natural isomorphisms 

e\Rip [ L A R^ dl e*L } e*R<p l L -=+ Rb(ip)\p*L. 

For this proposition, first we give the following: 

Proposition 4.37 Let f; Y — y X be a separated morphism between F-schemes 
of finite type. Let / ad : F ad — y X ad be the induced morphism of adic spaces, where 
(— ) ad = t(S)jf x Spoc ^ (— ). Denote the natural morphisms of sites (X ad ) 6t — > X &t 
and (y ad )^ t — > Y& by e. Then for L G D + (X, A) we have a natural morphism 
e*Rf [ L — ^ Rf ad[ e*L. Moreover, if L G D+(X,A), then it is an isomorphism. 

Proof. First we will construct a morphism e*Rf l L — y Rf adl e*L. By |Hub96t Theo- 
rem 5.7.5], we have the isomorphism of functors e*oRf\ — h- Rf ad oe*. This induces 

a morphism Rf\ ad e*RfL ^— e*Rf\RfL — y e*L, which corresponds to a morphism 

e*RfL — ► Rf 3d{ e*L. 

Next we will prove that this is an isomorphism if L G D^(X,A). Since we 
may work locally on X and Y, we may assume that there exists a factorization 
Y c — y A x — y X of /, where the first morphism is a closed immersion. Thus it 
suffices to consider the case where / is the natural morphism A^ — y X or the case 
where / is a closed immersion. 
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Consider the first case. By the construction of the trace map for adic spaces 
|Hub96t proof of Theorem 7.3.4], we have the following commutative diagram: 



e*Tr, 



-*e*L 



e*Rf,f*L(d)[2d] 



Rf? d e*f*L(d)[2d} 



Rfrf ad *e*L(d)[2d] 



This gives the following commutative diagram, whose horizontal arrows are isomor- 
phism by |Hub96j Theorem 7.5.3]: 



TV /ad 



+ e*L. 



e*f*L(d)[2d] 



->e*RfL 



P d *e*L(d)[2d]^-^Rf ad -e*L. 

Therefore the right vertical arrow is an isomorphism, as desired. 

Consider the second case. Let j: X \Y c — > X be the natural open immersion. 
Then we have the following morphism of distinguished triangles: 



e*RfL 



^e*f*L 



^e*f*Rj*j*L- 
(*) 



->e*Rf l L[l] 



Rf adl e*L > f ad *e*L > f ad *RjfRj ad *e*L > Rf adl e*L[l]. 

Therefore it suffice to show that (*) is an isomorphism, which is a consequence of 
|Hub96| Theorem 3.8.1] since j*L is constructible. I 



Proof of Proposition \4 . 3b\ By Proposition 14. 371 we have an isomorphism e*R<pL — > 

Rip adl e*L. Since j is an open immersion (c/. |Hub96| Proposition 1.9.6], |Hub98b| 
Lemma 3.13 i)]), by taking j* of it, we get an isomorphism e*R(pL ^—± Rt((p)l?e*LM 



Put K t(x) - = Rt(f)^A, K X±A = Rip^-A and K Xlf = y? ! A. By Proposition KM 
we have e\K~x- — K xs a and e*Kx- — K t (x)— Moreover, by the construction of these 
isomorphisms, the following diagram is commutative: 



H°(t(X)^K t{xh ) >H°(Xf,K x?fi ) +*-H0( Xfh K Xir ) 
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In the diagram above, Adj. denote the natural adjunction homomorphisms. 
We have natural cup products 

H*(t(X)i,K K ^)®H*(t(X) v ,A)^Hr«(t(X) v ,K K ^), 
H*(Y, i*R^ x K X -) <g> H«(Y, R^R^xA) ^ H^(Y, Rt}R^ x K x _). 

Lemma 4.38 We have e*(e*(x) U y) = x U e*(y) for every x e H p (Y,i*Rifj x K Xl .) 
and y G H^(t(X)^, A). Note that since K X - is constructible, 

e*: H^{t{X)^K t{xh ) £- H^{t{X)^e*K x J -^ flf+«(y, R^R^ x K Xjf ) 

can be defined. 

Proof. Let X' — > X be an object of $x and X' — > X the corresponding object 
of $>x- We may assume that y lies in the image of Hl{t{X^)^, A) — > H%(t(X)jj, A); 
thus it suffice to show the analogous property for the diagram below: 

HP((X^r«,RX$K^ h )®H!((QU,R$«A) _^fl^((^) rod , R^K t(x ^) 



H^(t(X^,K t{ ^ h ). 



HP(t(X^, K t{XLh ) ® H!(t(X^, A) ^— 

It easily follows from the definition of $,x^,- ■ 

Proposition 4.39 Let Adj x : H®(Y, RrR%jj x K X -) — > A be the composite of 

H° c (Y,Rt l R^ x K Xjf ) — ► H° c (Y,Rr'K Xs ) = H° C (Y,K Y ) ^ A, 

where K Xs and Ky denote the dualizing sheaf of X s and Ky, respectively. Then we 
have Adj x oe* = Adj iW _. 

Proof. Let X' — > X be an object of <$> X - By the commutative diagram 



Ad J*(^)w 



■H°(t(X)»K KXk ) 



H° c (t(Kh,K mTf ) 



H° C ((KU R^x L K {XLh ) > H°{Y, Rt-R^K^) 



Adj t(A0 




Adj, 



we may replace X by X'. Namely, we may assume that Y = X s 
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Let us consider the natural morphism H®(X S , Rip x K X -) 
the following diagram is commutative: 



H^X^Kx.). Then 



H° c (t(X)^K t{xk ) — 



H° c {X s ,Rip x Kx w : 



Ad J«A-W 



> H° c (Xf, K xt ) <_=!_ H°(X W , K XlJ ) 

Adj^ad 

A.*' 



Adj, 



We have already seen the commutativity of the lower triangles. The commutativity 
of the upper rectangle can be checked easily by using adjointness many times; we use 
a compactification of X over S, since the definition of the isomorphism £# requires 
a pseudo-compactification of X. Details are left to the reader. 

Adj x _ 

Since the composite of H° c {X s ,Rip x K Xl .) — y H°(X n ,K Xw ) ^ A is Adj x , 

the proposition follows immediately from the diagram above. I 



Proof Theorem \4-3fy We remain in the setting introduced after Lemma 14.331 By 
|Hub961 Theorem 7.1.1], 



Adj 



t(X)- 



H-i(t(XUK t(xh ) ®flf(t(A%A) —►££(*(*)* ifytoj *> A 

gives a perfect pairing. On the other hand, by [111941 Theoreme 4.2], 

H-i(Y, i*R^ x K Xlf ) <8> H«(Y, RrR^ x A) — > H° C (Y, RrR^ x K x ^) ^ A 



also gives a perfect pairing. By Lemma 14.381 and Proposition I4.39[ e* is the transpose 
of e*: H~ q (Y,i*RipxK Xlf ) — ► H~ q (t(X)^ K^x^) under these pairings. Since e* is 
an isomorphism, e* is also an isomorphism. I 

Finally we prove the £-adic version of Theorem 14.321 



Corollary 4.40 In the setting of Theorem \4.32[ assume that the characteristic of 
F is zero. Then we have natural isomorphisms 

e„: H*(t(X)j;,Z t ) — » H q (X Ied ,R^ x ,A), 
e,: ^(t(^,Q,) — >fT«(A' red ,i^ iC Q < ). 

Proof. It suffices to prove that 

H^tiX^Zz) *£ljmH*(t(X)ii,Z/rz), 

n 

H q c {X Ted ,R^ x>c Zi) S Hmif^^ed^^^Z/rZ). 
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We may assume that X is algebraizable. Then the former follows from |Hub98a[ 
Theorem 3.3 (ii)] and [Hub98b, Lemma 3.13 i)]. The latter follows from Proposition 
13.111 and its £-adic version; indeed, if X is the completion of a separated S'-scheme 
X of finite type along a closed subscheme Y of X s and denote the closed immersion 
Y c — > X by i, then we have 

]jmH«(X ied , m XtC Z/£ n Z) = ]pnH2(Y,Ri l Rip x Z/e n Z) = H2(Y,Ri l Rip x Z e ) 

n n 

^H«(X Ied ,RV XtC Z e ). I 
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